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Introduction
Some work has been done on f(x)-circulant matrices over the years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . When f(x)=x n -x+1, the special type of circulant matrices are the row skew first-plus-last right (RSFPLR) circulant matrices [12] [13] [14] . More specifically, the authors denoted RSFPLRcircfr(a 1 , a 2 , ...., a n ) and RSLPFLcircfr (a 1 , a 2 , ..., a n ) as the RSFPLR and RSLPFL circulant matrix with the first row (a 1 , a 2 , ...., a n ) in Refs. [12, 14] , respectively. In this paper, we study the determinants of these two types of circulant matrices involving the Jacobsthal and Jacobsthal-Lucas numbers.
The Jacobsthal and Jacobsthal-Lucas sequences {J n } and {j n } [15] are shown below if and only if w is a RSFPLR circulant matrix, where (x) =∑ =1 −1 is the representer of w and (−1,1) = RSFPLRcircfr(0, 1, 0, ..., 0). Lemma 1. [4] Let A = RSFPLRcircfr(a 1 , a 2 , ..., a n ) be a RSFPLR circulant matrix with the first row (a 1 , a 2 , ..., a n ).
and represent the n roots of the characteristic polynomial g(λ) = λ n -λ+1 of (−1,1) . Lemma 2. Let (i = 1, 2, ..., n) be the n roots of the characteristic polynomial g(λ) = λ n -λ+1 and x, y, z∈ R, x≠ 0. Then Proof. ∏ ( −
where a+b= , ab= , a= . By the Q i (i = 1, 2, …, n) satisfies equation λ n -λ+1=0, we have λ n -λ+1 = ∏ ( − ) =1 .
Main Results
Firstly, we introduce the work on the RSFPLR and RSLPFL circulant matrices with the Jacobsthal numbers in Theorem 1-3.
is the ith Jacobsthal number and j i (i = n−1,n) is the ith Jacobsthal-Lucas number.
Proof. Based on Lemma 1, the determinant of A is
where Q i represent the n roots of the characteristic polynomial g(λ) = λ n −λ+1 and α 2 , β 2 are the roots of x 2 − x − 2 = 0.
According to Lemma 2, we get
,
Similar to Theorem 1, we also have the following theorem. , (i=1, 2, …., n+2) is the ith Jacobsthal number and j n+1 is the (n + 1)th Jacobsthal-Lucas number.
Proof. C = RSLPFLcircfr(J 1 ,J 2 ,...,J n ) is written as Besides, det Î = (−1)
Next, we present the rest work on the above special circulant matrices involving the Jacobsthal-Lucas numbers in the following theorems. (i=1, 2, ..., n+1) is the ith Jacobsthal-Lucas number.
Proof. Using the Lemma 1, the determinant of D is
where Q i represent the n roots of the characteristic polynomial g(λ) = λ n −λ+1, α 2 and β 2 represent the roots of 
